On the numerical evaluation of an oscillating infinite series  by Tezer, Münevver
Journal of Computational and Applied Mathematics 28 (1989) 383-390 
North-Holland 
383 
On the numerical evaluation of an oscillating 
infinite series 
Miinewer TEZER 
Department of Mathematics, Middle East Technical University, 06.531 Ankara, Turkey 
Received 3 May 1988 
Revised 24 January 1989 
Abstract: An oscillating infinite series involving products of the Bessel function J,,(x) is evaluated. The series is 
transformed first into the sum of three infinite integrals by using contour integration and then the infinite integral with 
oscillating integrand is transformed by some identities into an expression containing modified Bessel functions only. 
Finally, this expression and the other infinite integrals are evaluated numerically without any computational 
difficulties at all. 
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1. Introduction 
This paper is concerned with the evaluation (and tabulation) of infinite series containing 
products of the Bessel function J,(x) (first kind Bessel function of order zero) of the form 
where U, a and b are constants. 
This series is transformed first into the sum of three infinite integrals by using contour 
integration; then, of these three integrals the one which contains an oscillating term with 
products of the Bessel function JO(x) of the form 
B= ? 
J i Oh& 
- 1 Jo(a dt 
1 
(2) 
is transformed by some identities in [3] into the form of a finite integral containing modified 
Bessel functions only. So, the difficulties associated with the computation of an oscillating 
infinite series and/or similarly the computation of an infinite integral with oscillating integrand 
are avoided. The resulting finite and infinite integrals are evaluated numerically using Gauss’ 
formula for various values of U, a and b and these results are tabulated. 
It happens frequently that the solutions of mixed boundary value problems in mathematical 
physics can be reduced to the solutions of integral equations in which the kernels and source 
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Fig. 1. 
functions contain infinite series of the above considered type (e.g., magnetohydrodynamic flow 
problems in ducts, crack problems in elasticity,. . . ). Because of the oscillating nature of .I,, such 
infinite series are extremely hard to evaluate on the computer, particularly for large values of U. 
However, this constant u may be quite large depending on the physical situation of the problem 
[1,4]. The parameter u usually contains either the Reynolds number in fluid dynamics problems 
or the Hartmann number in magnetohydrodynamic flow problems and may take values up to 
500 in some cases. 
2. Transformation of the infinite series 
For the transformation of infinite series (1) we consider the function 
F(z) =z /& -l)Jo(az)Jo(bz) exp(F)sec(y), 
i 
taken along the contour shown in Fig. 1, and taking the branch of the function (z* + 
u*)-V* 1 r=O = u-l. We can show that 
/ 
F(z) dz=O and 
J 
F(z) dz = 0 
l- Y 
in the limit as R + 00 with a + b < IT and p -+ 0 respectively. 
Hence we have 
/& - l).&(ot)J,,(bt) exp( F)sec( 7) dt 
+ lim E /“-( /& - l)Jo(am)Jo(bm) exp( $(m + p ei”)) 
p-0 m=r,s 71 
Xsec(t(m+p ei”)) ip e”dB 
+ ,-,._& - l)J,(ios)J,(ibs) exp( - y)sech( y) i ds 
+ jx 
u* s* 
- l)Jo(ins)Jo(ib.s) exp( - y)sech( y) i ds = 0. 
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so, 
(3) 
where I,(x) is the modified Bessel function of the first kind of order zero. 
Taking real part only in (3) the infinite series (1) is now expressed in terms of infinite integrals 
as 
ldus)l,tbs) ds _ msldas)l,tbs) 
ens + 1 ens + 1 
&, for u + b< ~ 
In (4) the last two infinite integrals do not give trouble for computations. The first one is 
difficult to calculate due to the oscillatory behaviour of the Bessel function J,(x). Therefore, we 
need to transform that infinite integral to a much more computable form. 
3. Evaluation of the infinite integral 
We used the identity introduced by Eason et al. [2] which is 
JO(ut ;i?,,(t(u'+ b2 - 2ub cos O)1’2) d0, 
for the product of Bessel functions and so the first infinite integral in (4) takes the form 
where y ’ = U2 + b2 - 2Ub COS 6. 
Now, we consider the infinite integral (change the order of integrations) in the double integral 
(5) 
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and try to compute it in terms of modified Bessel functions. So, put t = u sh u in the above 
integral to obtain 
J 
m(sh u - ch u)J,(yu sh u)sh u du, 
0 
where sh x and ch x are sine hyperbolic and cosine hyperbolic functions respectively. 
From the identity 
4(z) + z&J,(z) =z.&(z), 
where J1( z) is the first kind Bessel function of order one, we take J,( yu sh u) and substitute it in 
the above integral to get 
=U ‘i”(sh u - ch u)[ $( yu sh u) + 1 -%r(yu sh u) du. 
Y du 1 
By using the identities [3, Section 6.6631 for 1_1= 1, v = 0 and z > 0: 
1 
omJ1(2z sh t)ch t dt= ~[l,(z)K,(z) +I,(z)K,(z)], 
1 
omJ1(2z sh t)sh t dt=;[l,,(z)K,(z) -I,(z)&(z)], 
one can easily obtain the infinite integral as 
(6) 
J i omt & - 1 JdYd dt i 
where I,(x) is the modified Bessel function of the first kind of order one and K,(x), 
the modified Bessel functions of the second kind of order zero and one, respectively. 
Finally, using the identities 
we obtain 
J,(yt) dt = tu2[1,(:tq)K,(:u~) - 4&b~)K&u~)] a 
K,(x) are 
(9 
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So, the infinite series A in equation (1) is transformed now through equations (9), (5) and (4) into 
the form 
A= f m Jo(a 
m=1,3 
= ff/,“[Il( ~)K,( Ff) - Io( e+,( g] de 
Io(4Io(b4 ds _ O” s~ob)~o(w 
elTS+ 1 I ds, for a+b<~. 0 evs+l 
00) 
As one can notice, the infinite series (1) now is expressed in terms of a finite integral 
containing modified Bessel functions only and two infinite integrals giving no computational 
difficulties. This form of the infinite series (1) is calculable and the numerical values are obtained 
for several values of the constants u, a and b. 
4. Numerical results and discussion 
For computing the value of the infinite series A for several values of a, b and u, we need to 
compute Ii, K,, I,, K, (the modified Bessel functions). These functions were evaluated at the 
required arguments by using a subprogram from SSP package in single precision on Burroughs 
machine at the Middle East Technical University. In the transformed form of series A (10) the 
first integral is a finite integral giving no computational trouble except for a = b with small 
values of 0. Since K,,(X) and K,(X) behave like In x and l/x, respectively, for small arguments, 
we make the 0 = 7x2 substitution in that integral to deal with the singularity at a = b. Then the 
trapezoidal rule was used with n = 100. 
The second infinite integral from u to cc is negligible for large u and difficult to compute for 
small values of u. This integral is transformed to the finite form (by taking first y = u/s, and 
then with y = sin 0) 
u2 5’ 
e -?tu/sinBI 
J 0 sin38 
o(iEh%) de 
1 + ,-lru/sinB 
This way, the difficulties with small 0 are handled. 
The third infinite integral is also transformed into a finite integral of the form 
s I,,(us)l,(bs) epnS + 1 e-q ppo( 4) 
1 + emns S3 
I 
ds 
l+e-"/" . 
For all these finite integrals the trapezoidal rule with n = 100 was used for several values of a, 
b and u. 
There was no difficulty now for computations with this transformed form of the series A. 
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Figures 2-9 show the behaviour of infinite series A for several values of a, b and u. The 
ranges of the variables a and b were kept less than two since those variables correspond to the 
dimensions of ducts, cracks, etc., in the physical problems while the variable u can go up to 200. 
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